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Abstract
Let G be a simple graph without isolated vertex with vertex set V (G) and edge set E(G). A function f : E(G) −→ {−1, 1}
is said to be a signed star k-subdominating function of G if
∑
e∈E(v) f (e) ≥ 1 for at least k vertices v of G, where
E(v) = {uv ∈ E(G) | u ∈ N (v)}. The value min∑e∈E(G) f (e), taking over all signed star k-subdominating function f of
G is called the signed star k-subdomination number of G and denoted by γ kSS(G). In this paper we give some bounds on the signed
star k-subdomination number of graphs.
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1. Introduction
Let G be a graph with vertex set V (G) and edge set E(G). We use [1] for terminology and notation which are
not defined here and consider simple graphs without isolated vertex only. For every nonempty subset E ′ of E(G), the
subgraph of G whose vertex set is the set of vertices of the edges in E ′ and whose edge set is E ′, is called the subgraph
of G induced by E ′ and denoted by G[E ′].
Two edges e1, e2 of G are called adjacent if they are distinct and have a common vertex. The open neighborhood
NG(e) of an edge e ∈ E(G) is the set of all edges adjacent to e. Its closed neighborhood is NG[e] = NG(e) ∪ {e}.
For a function f : E(G) −→ {−1, 1} and a subset S of E(G) we define f (S) = ∑e∈S f (e). The edge-
neighborhood EG(v) of a vertex v ∈ V (G) is the set of all edges at vertex v. For each vertex v ∈ V (G), we
also define f (v) =∑e∈EG (v) f (e). For a positive integer k, a function f : E(G) −→ {−1, 1} is called a signed star
k-subdominating function (SSkSDF) of G, if f (v) ≥ 1 for at least k vertices v of G. The signed star k-subdomination
number of a graph G is γ kSS(G) = min{
∑
e∈E(G) f (e) | f is an SSkSDF on G}. The signed star k-subdominating
function f of G with f (E(G)) = γ kSS(G) is called γ kSS(G)-function. For any signed star k-subdominating function
f of G we define P = {e ∈ E | f (e) = 1}, M = {e ∈ E | f (e) = −1}, V+ = {v ∈ V | f (v) ≥ 1} and
V− = {v ∈ V | f (v) < 1}.
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A function f : E(G) −→ {−1, 1} is called a signed star dominating function (SSDF) of G, if f (v) ≥ 1 for
each vertex v ∈ V (G). The signed star domination number (SSDN) of a graph G is γ ′ss(G) = min{
∑
e∈E(G) f (e) |
f is an SSDF on G}. The signed star domination number was introduced by Xu in [3].
The signed star domination number have been studied by several authors (see for instance [2–4]). The purpose of
this paper is to initialize the study of the signed star k-subdomination number γ kSS(G). Here are some well-known
results on γ ′ss(G).
Theorem A ([4]). For any graph G, v ∈ V (G), γ ′ss(G) ≤ γ ′ss(G − v)+ degG(v).
Theorem B ([4]). For any graph G of order n (n ≥ 4), γ ′ss(G) ≤ 2n − 4.
Theorem C ([4]). For all graphs G of order n, if δ(G) ≥ 1, then γ ′ss(G) ≥ d n2 e.
Theorem D ([2]).
1. For the cycle Cn , (n ≥ 3), γ ′ss(Cn) = n,
2. For the path Pn , (n ≥ 2), γ ′ss(Pn) = n − 1.
We make use of the following result in this paper.
Theorem E ([3]). For any graph G, if δ(G) ≥ 3, then G contains an even cycle.
The proof of the following lemma is straightforward and therefore omitted.
Lemma 1. For any graph G without isolated vertex of order n ≥ 3, if v ∈ V (G) has degree δ(G), then
γ kSS(G) ≤ γ k−1SS (G − v)+ degG(v).
2. Bounds for SSkSDN of graphs
In this section we present some bounds on γ kSS(G) in terms of order of G, maximum degree and degree sequence
of G. We start with some propositions that generalize the results about γ ′ss(G).
Proposition 2. 1. For the path Pn , (n ≥ 2), if k ≤ n − 1, then γ kSS(Pn) = 2k − n + 1,
2. For the cycle Cn , (n ≥ 3), if k ≤ n − 1, then γ kSS(Cn) = 2k − n + 2.
Proof. 1. Let Pn = v1, . . . , vn and f be a γ kSS(Pn)-function. Since degPn (v) ≤ 2, E(v) ⊆ P for each v ∈ V+.
Obviously | ∪v∈V+ E(v)| ≥ |V+| which implies that |P| ≥ |V+| ≥ k. It follows that γ kSS(Pn) = |P| − |M | ≥
k− (n− k− 1) = 2k− n+ 1. Now define g : E(G) −→ {−1, 1} by g(vivi+1) = 1 if 1 ≤ i ≤ k and g(vivi+1) = −1
if i ≥ k + 1. Obviously g is an SSkSDF of G with g(E(G)) = 2k − n + 1 and so γ kSS(Pn) = 2k − n + 1.
2. The proof is similar to the proof of statement 1 and therefore omitted. 
Proposition 3. For any graph G of order n (n ≥ 4) without isolated vertex, γ kSS(G) ≤ n + k − 4.
Proof. The proof is by induction on m = |E(G)|. If m = 2, then clearly the result is true. Assume that the theorem
holds for all graphs of size less than m. Now we consider a graph G with |E(G)| = m. First let k = 1. Suppose
that v is a vertex of degree δ(G) and N (v) = {v1, . . . , vδ(G)}. Define f : E(G) −→ {−1, 1} by f (vvi ) = 1 if
1 ≤ i ≤ d δ(G)+12 e, f (vvi ) = −1 if i > d δ(G)+12 e, and f (e) = −1 for each e ∈ E(G) \ {vvi | 1 ≤ i ≤ δ(G)}.
Obviously f is an SSkSDF of G and γ kSS(G) ≤ f (E(G)) ≤ n + k − 4. Let k ≥ 2. We consider two cases.
Case 1. δ(G) ≤ 2. Let v be a vertex of degree δ(G). Then G − v has size less than m. By Lemma 1 and inductive
hypothesis we have
γ kSS(G) ≤ γ k−1SS (G − v)+ deg(v) ≤ (n − 1)+ (k − 1)− 4+ 2 = n + k − 4.
Case 2. δ(G) ≥ 3. By Theorem E, G contains an even cycle C = (v1, v2, . . . , vr ). Let H = G − E(C). By
the induction hypothesis, H has an SSkSDF f with f (E(H)) ≤ n + k − 4. Define g : E(G) −→ {−1, 1} by
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g(vivi+1) = (−1)i for each i where vr+1 = v1 and g(e) = f (e) if e ∈ E(G)− E(C). Obviously g is an SSkSDF of
G with g(E(G)) = f (E(H)) ≤ n + k − 4. This completes the proof. 
Proposition 4. For any graph G of order n ≥ 2 without isolated vertex,
γ kSS(G) ≥
(∆(G)+ 1)k − n∆(G)
2
.
Proof. Let f be a γ kSS(G)-function. We have
γ kSS(G) =
∑
e∈E(G)
f (e) = 1
2
∑
v∈V (G)
∑
e∈E(v)
f (e)
= 1
2
∑
v∈V+
∑
e∈E(v)
f (e)+ 1
2
∑
v∈V−
∑
e∈E(v)
f (e)
≥ k
2
− (n − k)∆(G)
2
= (∆(G)+ 1)k − n∆(G)
2
. 
Theorem 5. Let G be a graph without isolated vertex of order n, size m, and with degree sequence (d1, . . . , dn) where
d1 ≤ d2 ≤ . . . ≤ dn . Then
γ kSS(G) ≥
k∑
j=1
(d j + d2j )
2dn
− m.
Proof. Let g be a γ kSS(G)-function of G and let g(v) ≥ 1 for k distinct vertices v in {v j1 , . . . , v jk }. Define
f : E(G) −→ {0, 1} by f (e) = (g(e)+ 1)/2 for each e ∈ E(G). We have∑
e∈E(G)
f (NG[e]) =
∑
e=uv∈E(G)
g(NG[e])+ deg(u)+ deg(v)− 1
2
.
Since ∑
e∈E(G)
(g(NG[e])+ g(e)) =
∑
v∈V
g(E(v)) deg(v)
and ∑
e=uv∈E(G)
(deg(u)+ deg(v)) =
∑
v∈V
deg(v)2,
we have∑
e∈E(G)
f (NG[e]) = 12
∑
v∈V
(g(E(v)) deg(v)+ deg(v)2)− 1
2
∑
e∈E(G)
g(e)− m
2
≥ 1
2
∑
v∈V \{v j1 ,...,v jk }
(g(E(v)) deg(v)+ deg(v)2)+ 1
2
k∑
i=1
(d ji + d2ji )−
1
2
γ kSS(G)−
m
2
≥ 1
2
k∑
i=1
(d ji + d2ji )−
1
2
γ kSS(G)−
m
2
≥ 1
2
k∑
i=1
(di + d2i )−
1
2
γ kSS(G)−
m
2
. (1)
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On the other hand,∑
e∈E(G)
f (NG[e]) =
∑
v∈V
f (E(v)) deg(v)−
∑
e∈E(G)
f (e)
≤
∑
v∈V
f (E(v))dn −
∑
e∈E(G)
f (e)
= dn
(
2
∑
e∈E(G)
f (e)
)
−
∑
e∈E(G)
f (e)
= (2dn − 1)
∑
e∈E(G)
f (e). (2)
By (1) and (2)
∑
e∈E(G)
f (e) ≥
1
2
k∑
i=1
(di + d2i )− 12γ kSS(G)− m2
2dn − 1 .
Since g(E(G)) = 2 f (E(G))− m, we have
γ kSS(G) =
∑
e∈E(G)
g(e) ≥ 1
2dn − 1
(
k∑
i=1
(di + d2i )− γ kSS(G)− m
)
− m.
Thus,
γ kSS(G) ≥
k∑
j=1
(d j + d2j )
2dn
− m,
as desired. 
An immediate consequence of Theorem 5 now follows.
Corollary 6. For every r-regular graph G of size m, γ kSS(G) ≥ k(r+1)2 − m.
Theorem 7. Let G be a graph without isolated vertex of order n ≥ 2, size m, minimum degree δ and with maximum
degree ∆. Then
γ kSS(G) ≥ (m + k)−
(2m + n)∆+ (n − k)∆2
2δ
.
Proof. Let f be a γ kSS(G)-function. We have
(2δ − 1)|M | ≤
∑
e∈M
|NG[e]| =
∑
e=uv∈M
(deg(u)+ deg(v)− 1)
= −|M | +
∑
e=uv∈M
(deg(u)+ deg(v))
= −|M | +
∑
v∈V (G[M])
|M ∩ E(v)| deg(v)
≤ −|M | +
∑
v∈V+
|M ∩ E(v)| deg(v)+
∑
v∈V−
|M ∩ E(v)| deg(v)
≤ −|M | +
∑
v∈V+
(⌈
deg(v)
2
⌉
− 1
)
deg(v)+
∑
v∈V−
deg(v)2
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≤ −|M | +
∑
v∈V+
⌈
deg(v)
2
⌉
deg(v)+
∑
v∈V−
deg(v)2 −
∑
v∈V+
deg(v)
≤ −|M | +
∑
v∈V+
⌈
deg(v)
2
⌉
∆+ 2
∑
v∈V−
deg(v)
2
deg(v)−
∑
v∈V+
deg(v)
≤ −|M | +
∑
v∈V+
⌈
deg(v)
2
⌉
∆+
∑
v∈V−
⌈
deg(v)
2
⌉
∆+
∑
v∈V−
deg(v)
2
deg(v)−
∑
v∈V+
deg(v)
≤ −|M | +
∑
v∈V
⌈
deg(v)
2
⌉
∆+ ∆
2
2
|V−| − δ|V+|
≤ −|M | +∆
∑
v∈V
deg(v)+ 1
2
+ ∆
2
2
(n − k)− δk
= −|M | +∆
(
m + n
2
)
+ ∆
2
2
n − k
(
∆2
2
+ δ
)
.
It follows that
|M | ≤ ∆
(
m + n2
)+ ∆22 (n − k)− kδ
2δ
.
Now the result follows from γ kSS(G) = m − 2|M |. 
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